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Abstract. We construct a family of balanced signature pseudo-Riemannian 
manifolds, which arise as hypersurfaces in flat space, that are curvature ho- 
mogeneous, that are modeled on a symmetric space, and that are not locally 
homogeneous. 



1. INTRODUCTION 

Let R be the Riemann curvature tensor of a pseudo-Riemannian manifold (M, g) 
of signature (p, q). Following Kowalski, Tricerri, and Vanhecke |lfilll7| . we say that 
(M, g) is curvature homogeneous if given any two points P,QG M, there is a linear 
isomorphism : T P M — » TqM such that y S>*gQ = gp and such that ^*Rq = Rp; 
this notion has also been called curvature homogeneous when considering a similar 
condition for the higher covariant derivatives of the curvature tensor. 

Similarly, (M, g) is said to be locally homogeneous if given any two points P and 
Q, there are neighborhoods Up and Uq of P and Q, respectively, and an isometry 
if> : Up — > Uq such that ipP = Q. Taking := ip* shows that locally homogeneous 
manifolds are curvature homogeneous. The somewhat surprising fact is that the 
converse fails - there are curvature homogeneous manifolds which are not locally 
homogeneous. 

There is by now an extensive literature on the subject in the Riemannian setting, 
see, for example, the discussion in PEl EJ HH1 1=3 HH] • There are also a number of 
papers in the Lorentzian setting 5,6,7 and also in the affine setting ^]^]. There 
are, however, almost no papers in the higher dimensional setting - and those that 
exist appear in the study of 4 dimensional neutral signature Osserman manifolds, 
see, for example, |S1 EJ- In this brief note, we exhibit a family of examples in 
signature (p,p) for any p > 3 which are curvature homogeneous but not locally 
homogeneous; this family first arose in the study of Szabo Osserman IP Pseudo- 
Riemannian manifolds . 

Let (x,y) = (xi, ...,x p ,y%, ■■■ 1 y p ) be the usual coordinates on R 2p . Let f(x) be a 
smooth function on an open subset O C M. p . We define a non-degenerate pseudo- 
Riemannian metric gj of balanced signature (p,p) on M := O x M. p by: 

(l.a) 9f(d?,d?)=dff-d*f, g ruK.O'!) \r and g f (df,d]) = 0. 

This is closely related to the so called 'deformed complete lift' of a metric on O to 
TO, see, for example, the discussion in [41 11^11^(1] . 

The pseudo-Riemannian manifold (M,gf) arises as a hypersurface in a flat space. 
Let {tti, Up, v*i, v p , W\} be a basis for a vector space W. Define an inner prod- 
uct (•, •) of signature (p,p + 1) on W by setting 

(iii , Uj) = 0, (ui, Vj ) =Sij, (vi, Vj) = 0, 
(ui,wi)=0, (vi,wi} = 0, (wJi,wi) = l. 
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Let F(x,y) = X\Ui + ... + x p u p + y\V\ + ... + y p v p + f(x)wx define an embedding 
of M in W. Then 3/ is the induced metric on the embedded hyper surface. The 
normal v to the hypersurface is given by setting v = w\ — Off v\ — ... — d p f v p . 
Thus the second fundamental form Lf of the embedding is given by the Hessian 

L f (^)=Q, and L J (%,8*) = 0. 

We define distributions 

X := Span{<9*, d x p ) and y := Span{df, d v p ). 

We then have L{Z\, Z 2 ) = if Z\ E y or Z 2 E y so the restriction Lf of L to the 
distribution X carries the essential information. The following is the main result of 
this paper: 

Theorem 1.1. If the quadratic form Lf is positive definite, then (M,gf) is curva- 
ture homogeneous. Furthermore, if p > 3, then (M,gt) is not locally homogeneous 
for generic f . 

As noted above, these manifolds first arose in an entirely different setting. Let R 
be the Riemann curvature tensor of a pseudo-Riemannian manifold (Af, g). Let Vi? 
be the covariant derivative of R. Let J, S, and 1Z be the associated Jacobi operator, 
Szabo operator, and skew-symmetric curvature operator, respectively. Let X E TA1 
and let {Y, Z} be an oriented orthonormal basis for an oriented spacclikc or timelike 
2 plane tt. These operators are defined by the identities: 

g(J(X)U,V)=R(U,X,X, V), 
g(S(X)U,V) = VR(U,X,X,V;X), 
g(Tl(7r)U,V)=R(Y,Z,U,V) 

Stanilov and Videv 12 lj have defined a higher order Jacobi operator by setting 

J(tt) := g(Xi,Xi)J(X{) + ... + g(X t , X t ) J{X £ ) 

where {X\, Xe} is any orthonormal basis for a non-degenerate subspace tt C TM. 

Definition 1.2. Let (N,g) be a pseudo-Riemannian manifold. Then (N,g) is 

(1) spacelike Jordan Osserman (resp. timelike Jordan Osserman) if the Jordan 
normal form of J(X) is constant on the bundle of unit spacelike (resp. unit 
timelike) vectors. 

(2) spacelike Szabo (resp. timelike Szabo) if the eigenvalues of S(X) are constant 
on the bundle of unit spacelike (resp. unit timelike) vectors. 

(3) spacelike Jordan IP (resp. timelike Jordan IP) if the Jordan normal form of 
7?.(7r) is constant on the Grassmannian of oriented spacelike (resp. timelike) 
2 planes in TM. 

(4) Jordan Osserman of type (r, s) if the Jordan normal form of J(tt) is constant 
on the Grassmannian of non-degenerate subspaces of type (r, s) in TM. 

The spectral geometry of the Jacobi operator, of the skew-symmetric curvature 
operator, and of the Szabo operator were first considered in the Riemannian setting 
by Osserman by Ivanova and Stanilov an d by Szabo [22], respectively. 
We refer to [H] for further details. The manifolds (M,gf) provide examples of these 
manifolds. We refer to ^3^2 f° r the proof of the following result: 

Theorem 1.3. If the quadratic form Lf is positive definite, then (M,gf) is space- 
like Jordan Osserman, timelike Jordan Osserman, spacelike Szabo, timelike Szabo, 
spacelike Jordan IP, and timelike Jordan IP. Furthermore (M,gf) is Jordan Osser- 
man of types (^,0), (0,r), (p — r,p), and (p,p — r),and is not Jordan Osserman of 
type (r, s) otherwise. 
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We note there are no known Jordan Szabo manifolds which are not symmetric. 

Here is a brief guide to the paper. In Section|21 we determine the tensors Rf and 
Vii/ which are defined by the metric gf and show (M, gf) is curvature homogeneous. 
In Section |3| we complete the proof of Theorem 1 1.1 1 by showing that (M,gf) is not 
locally homogeneous for generic /. We conclude in Remark 13.31 by showing the 
'model space' for the curvature tensor for (M,gf) is that of a symmetric space. 

It is a pleasant task to acknowledge helpful conversations on this subject with 
Prof. Garcfa-Ri'o and with Prof. J.H. Park. The paper is dedicated to Professor 
Vanhecke. The second author has had the priviledge of knowing Professor Vanhcckc 
for a number of years and owes Professor Vanhecke a profound debt of gratitude 
not only for many useful mathematical discussions but also for wise counsel on a 
number of subjects. 

2. The tensors Rf and Vi?/ 

We begin the proof of Theorem II. II by determining Rf and Vi?/. 

Lemma 2.1. Let Z\, ... be coordinate vector fields on M := O x W . Let the metric 
gf be given by Equation Hl.ajl . Then: 

(1) Vzx z 2 = oifz 1 ey or if z 2 e y ; 

(2) R(Zi, Z 2 , Z 3 , Z 4 ) = L(Zi, Z i )L(Z 2 , Z 3 ) - L(Zi, Z 3 )L(Z 2 , Z A ). This van- 
ishes if one of the Zi E y for 1 < i < 4; 

(3) VR{Z\, Z 2 , Z 3 , Z4; Z5) = Z${R(Zi, Z2, Z 3 , Z4)}. This vanishes if one of 
the Zi S y for 1 < i < 5. 

Proof. We have 

(V Zl Z 2 , Z s ) = \{Z 2 g f {Zi, Z 3 ) + Z 1 g f (Z 2 ,Z 3 ) - Z 3 g f {Z u Z 2 )} . 

This vanishes if any of the Zi S y. Assertion (1) now follows. Let gfj := g(df, dj) 
and let Tf- k := ^(dfgj k + djgf k — d^gfj). We adopt the Einstein convention and 
sum over repeated indices to see 

V 9f d* = T x ijk d v k , Vg f 3j = Vgvdf = 0, and V a vd] = 0. 
It now follows that R(Zi, Z 2 , Z 3 , Z4) = if any of the Zi £ y. Furthermore 

i«<r. <>■.<):. o;: n,Y-„ ,u-; u . 

Assertion (2) now follows; this also, of course, follows from the classical formula 
which expresses the curvature tensor of a hypersurface in flat space in terms of the 
second fundamental form. 

Since Vz 5 Z,; S y and since •, •, •) vanishes if any of the entries belong to y, 
Assertion (3) follows from Assertion (2). □ 

We show that (M,gf) is curvature homogeneous by showing the following result: 

Lemma 2.2. Let P G M . Assume Lj is positive definite. Then there exists a basis 
{X 1 ,...,X pi Y 1 ,...,Y p } forTpM so that: 

(1) gfiX^Xj) = 0, gfiX^Yj) = 6i it and g f {Y U Y 3 ) = 0. 

(2) Rf(Xi,Xj,Xk 7 Xi) = Sudjk — SikSji. 

(3) Rf(-, •, •, •) = if any of the entries is one of the vector fields {Yi, Y p }. 

Proof. Fix P <E M. We diagonalize the quadratic form Lj at P to choose tangent 
vectors Xi = aijdj S TpM so that L(Xi,Xj) = Sy. Let % := a? l d V A where a y is 
the inverse matrix. Then 

gf(Xi,Yf) = a ik a lj g f {d%,d v t ) = a ik a k:i = 
g f (Y i ,Y j ) = 0, 

Rf(Xi,Xj,Xk,Xg) — 5u5jk — SikSji, 
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and Rf(-, ■, ■, •) = if any entry is Yj. We define 

X, := X % - IgfiX^X^Yi and Y t := % 

to ensure gf(Xi,Xj) = 0. It is immediate that the frame {Xi, X p ,Yi, ...,Y p } 
satisfies the normalizations of the Lemma. □ 

3. Homogeneity 

We begin our discussion with a technical observation. Let V be a finite dimen- 
sional real vector space. A 4 tensor R 6 ® A V* is said to be an algebraic curvature 
tensor if it satisfies the symmetries of the Riemann curvature tensor, i.e. if: 

R(vi,V2,V3, Va) = —R(v2,Vi,V3,V4,) = R(v 3 , v±, vi, v 2 ) and 

R(vi,V 2 ,V 3 ,V 4 ) + R(V2,V 3 ,Vl,V4:) + R(v 3 ,Vi,V 2 ,V4,) = 0. 

If (j> is a symmetric bilinear form on V , then we may define an algebraic curvature 
tensor R^ on V by setting: 

R<t>{Vl, V2,V 3 ,V4) := 4>{Vl,V^)(j){V2,V 3 ) - (j>{vi,v 3 )<f>{v 2 ,V4) . 

Lemma 3.1. Let 0i and 02 6e symmetric positive definite bilinear forms on a 
vector space V of dimension at least 3. If R^ — R^> 2 , then <f>\ — 4> 2 - 

We note that Lemma T3. II fails if dimF < 2. 

Proof. Since 4>\ is positive definite, we can diagonalize (j) 2 with respect to <p\ and 
choose a basis {e\, e r } for V so that <f>i(ei, Cj) = Sij and so that <f> 2 (fii, e*,) = XiSij. 
If i ^ j, then 

1 = 0i(ei,ei)0i(ej-,ej) - 0i(ej, ^-^(ei, a,-) = R^fa, e}, a,-, e,) 
(3. a) = R<f, 2 (ei, ej,ej,ei) = ^(e,, ei)0 2 (ej, e}) - (feCe*, e^fa^i, ej) 

= AiAj . 

Since r > 3, we can choose fc so fc} are distinct indices. By Equation (|3.a|l . 
1 = AjAfe = AjAfe so Ai = A 3 for all i, j. Since 1 = A.;Aj = Af and since 02 is positive 
definite, A^ = 1 for all i and hence <fci = (f>2- D 

We say that B := (Xi, X p , Yy, Y p ) is an admissible basis for TpM if £> 
satisfies the normalizations of Lemma 12.21 We can now define a useful invariant: 

Lemma 3.2. Suppose that Lj is positive definite. Let P G M and let B be an 
admissible basis forT P M. Leta f (P,B) := £ij,fc,i,„ VRf(X h X 3 , A„)(P) 2 . 

(1) ctf{P, B) is independent of the particular admissible basis B which is chosen. 

(2) If(M,gf) is locally homogeneous, then a/ is the constant function. 

Proof. The distribution y is invariantly defined being characterized by the property: 

y P = {Y 6 T P M : R(Zy,Z 2 , Z 3 , Y) = for all Z< e TpM} . 

The subspace A" on the other hand is not invariantly defined. Denote the standard 
projection by ir from TpM to TpM/yp. As 

L(-,-)=0, %(-,., -,-) = and ViJ/O, = 

if any entry belongs to Y, these tensors induce corresponding structures Z/, Rf, 
and on T P M/y P so that 

L f =Tt*L f , Rf=ir*Rf, and Vfl/=7T*%. 

If £> is an admissible basis, then we may define a quadratic form 0g on TpM /yp by 
requiring that {irXy, ...,irX p } is orthonormal with respect to this quadratic form. 
We then have Rf = R<f> B - By Lemma 13. II — 4>b is independent of the particular 
basis chosen and is invariantly defined. This defines a positive definite inner product 
on TpM/yp which we use to raise and lower indices and to contract tensors. The 
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invariant a is then given by ||9t/ |u and is invariantly denned. Since the structures 
involved are preserved by isometries, the Lemma now follows. What we have done, 
of course, is to prove that the second fundamental form is preserved by a local 
isometry of (M,gf) in this setting. □ 

Proof of Theorem ll.il In light of Lemma EOl to complete the proof of Theorem 
11.11 it suffices to construct / so that a/ is constant on no open subset of K p ; the fact 
that such / are generic will then follow using standard arguments. Let f-i = dff, 
f-ij := dfdjf, and so forth. We use Lemma l2~Tl to see: 

R(d*,d*,d* k ,df) = f ;U f ;jk - Ukf-ji, 

vim >;.<>;. nr. df; dl) = &^{Uif. jk - Ukf-ji} . 

Let G = Q(x\) be a smooth function on R so that |0 : ii| < 1. Set 

f(x) :=±{xi + ...+x 2 p } + e( Xl ). 

We may then compute, up to the usual Z2 symmetries, that the non-zero compo- 
nents of Rf and of VRf are: 

R f (df,df,df,df) = l + e ; ii for 2 < i < p, 

R f (d?,df, d*, df) = 1 for 2 < i < j < p, 

VRf(d?,df,df,df;d?) = e ] iu for 2<i<p. 

Consequently after taking into account to normalize the basis for the tangent bundle 
suitably, we have 

n _ 4(P-i)e 2 111 
a f - (i+e ;11 )3 ■ 

It is now clear that the metric gf will not be locally homogeneous for generic O. 

□ 

Remark 3.3. Let {ui, u p , V\, v p } be a basis for a vector space V of dimension 
2p. Define an inncrproduct (•, •) and an algebraic curvature tensor R on V whose 
non-zero entries are 

(ui, Vj) = 5ij and R(ui, Uj,u k ,ui) = 6u5 jk - <5 ifc ^ ; . 

Then by Lemma \2. 21 (V, (•, •), R) is a model for the metric and curvature tensor of 
all the manifolds (M,gf) considered above. If we set = 0, then 

f = l{xt + ... + xl}. 

Since Vi? = 0, (M,gf ) is a symmetric space and hence locally homogeneous. 
This shows that (V, (-, •), R) is the model for a symmetric space. Thus there exist 
pseudo-Riemannian manifolds which are not locally homogeneous whose metric and 
curvature tensor is modeled on those of a symmetric space. 
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